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Abstract
We develop a time domain random walk approach for
conservative solute transport in heterogeneous media
where medium properties vary over a distribution of
length scales. The spatial transition lengths are equal
to the heterogeneity length scales, and thus determined
by medium geometry. We derive analytical expressions
for the associated transition times and probabilities in
one spatial dimension. This approach determines the
coarse-grained solute concentration at the interfaces
between regions; we derive a generalized master equa-
tion for the evolution of the coarse-grained concentra-
tion and reconstruct the fine-scale concentration using
the propagator of the subscale transport mechanism.
The performance of this approach is demonstrated for
diffusion under random retardation in power-law media
characterized by heavy-tailed lengthscale and retarda-
tion distributions. The coarse representation preserves
the correct late-time scaling of concentration variance,
and the reconstructed fine-scale concentration is essen-
tially identical to that obtained by direct numerical
simulation by random walk particle tracking.
1 Introduction
Physical and chemical heterogeneity, which often spans
multiple scales, has important consequences for so-
lute transport in natural and engineered media. It
is well known that heterogeneity may lead to anoma-
lous (non-Fickian) characteristics, even if the trans-
port mechanism is advective or diffusive at smaller
scales [1, 2, 3, 4, 5]. Upscaling transport dynamics is es-
sential for understanding, and providing efficient meth-
ods for predicting, large-scale solute transport. This is
particularly true in view of computational constraints
and incomplete information about medium properties.
The continuous time random walk (CTRW) frame-
work provides analytical and computational tools for
∗Corresponding author: tomas.aquino@idaea.csic.es
describing transport by considering (conceptual) La-
grangian particles whose movement is characterized by
spatial jumps and inter-jump waiting times [6, 7]. The
CTRW as an average transport framework encodes in-
formation about the variability in transport dynamics
due to subscale heterogeneity through the statistical
properties of transition times and distances. Deriva-
tion of CTRW-type large-scale descriptions typically
requires averaging over an ensemble of medium, or het-
erogeneity, realizations [6, 8, 4, 9, 10, 11, 12]. Here, we
use the term time domain random walk (TDRW) to re-
fer to CTRW approaches which solve transport in sin-
gle medium representations [13, 14, 15, 16, 17, 18, 19].
Transport properties at a given spatial location are
fixed, and a particle revisiting a location will sample
the same properties.
We consider a one-dimensional medium character-
ized by a broad distribution of heterogeneity length
scales and transport properties, as illustrated in Fig. 1.
Specifically, we consider spatially variable advection
and dispersion as a result of heterogeneous retarda-
tion and analyze dispersive trapping and regular dis-
persion as the small-scale transport mechanisms [4].
We construct a TDRW description with spatial tran-
sitions over the heterogeneity length scales and derive
transition times and transition probabilities that en-
code the statistical properties of the subscale dynam-
ics. These transition times and probabilities depend on
the direction of the transition, resulting in a coupled
TDRW model. This is in contrast to models where
jump directions are uniformly distributed [20, 21, 22]
and/or transition times are assumed to be independent
of the jump direction [18].
TDRW descriptions based on finite-volume dis-
cretizations of the advection–dispersion equation
(ADE) do not resolve the particle position within a
pixel or voxel. This gives rise to numerical disper-
sion, which can be addressed by refining the discretiza-
tion [23]. For transport in a medium whose properties
are distributed on a hierarchy of macroscopic length
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Figure 1: Illustration of a one-dimensional medium
with power-law-distributed region-dependent retar-
dation coefficient and power-law-distributed region
lengths.
scales, the subscale process needs to be accounted for in
order to accurately represent the particle position and
thus the concentration distribution. We derive a pro-
cedure for reconstructing the fine-scale concentration
from the coarse-grained particle distribution obtained
from the TDRW. In this sense, the resulting model
represents a computationally efficient, particle-based,
hybrid approach, in that it combines fast coarse-scale
simulations with an efficient local reconstruction pro-
cedure.
2 Transport models
Solute concentration c for diffusive transport through
a one-dimensional medium with trapping characterized
by a position-dependent retardation coefficient θ obeys
the Fokker–Planck equation [4, 24]
∂c(x, t)
∂t
= − ∂
∂x
[v(x)c(x, t)] +
∂2
∂x2
[D(x)c(x, t)], (1)
where v(x) = v0/θ(x) is the transport velocity and
D(x) = κ/θ(x), with κ the constant (molecular) dif-
fusion coefficient and v0 the constant flow velocity.
Note that this is not a regular dispersion equation (ex-
cept in the case of homogeneous retardation), because
∂2[D(x)c(x, t)]/∂x2 6= ∂2[D(x)∂c(x, t)/∂x]/∂x2. Sub-
sequently, we will call it the trapping equation. Equiv-
alently, transport may be described by the Langevin
equation for particle trajectories X,
dX(t) = v[X(t)]dt+
√
2D[X(t)]dt ξ(t), (2)
where, for each time t, ξ(t) is an independent Gaus-
sian random variable with mean zero and unit vari-
ance. This equation is to be interpreted in the Ito¯
sense [25], and applies with independent ξ to each par-
ticle. It forms the basis for particle tracking random
walk (PTRW) simulations, which we employ below to
verify our results for the upscaled TDRW model. Con-
centration corresponds to the probability density func-
tion (PDF) of Lagrangian particle positions scaled by
the total mass. Throughout, we normalize concentra-
tions to unit mass, so that the spatial integral of con-
centration is equal to 1 at all times. The Fokker–Planck
equation for the PDF of particle position corresponding
to (2) coincides with the trapping equation [4].
For transport under spatially variable advection
and regular dispersion (as opposed to trapping), the
Fokker–Planck equation is the ADE,
∂c(x, t)
∂t
= − ∂
∂x
[v(x)c(x, t)]+
∂
∂x
[
D(x)
∂c(x, t)
∂x
]
. (3)
The corresponding Langevin equation is given by [19],
dX(t) =
(
v[X(t)] +
dD[X(t)]
dx
)
dt
+
√
2D[X(t)] dt ξ(t). (4)
The dynamics for spatially discontinuous dispersion
can be integrated numerically using Eq. (2) along with
a predictor–corrector method [26].
3 Coarse graining
We coarse-grain transport by considering a time do-
main random walk (TDRW) in a medium composed
of segments characterized by a length and a constant
retardation coefficient. We take particles to start at
a given node between two segments; at each step n,
particles wait for a random time Tn and then jump a
length Ln to an adjacent node. We thus define our
TDRW by the Lagrangian equations
Xn+1 = Xn + Ln(Xn), (5a)
Tn+1 = Tn + τn(Xn, Ln). (5b)
For x the position of a node, let `+(x) and `−(x)
be the lengths of the segments to its immediate right
and left, respectively. Denote the probabilities of a
jump to the right or left as p±(x). The jump length
Ln(x) is characterized by the probabilities P{Ln(x) =
±`±(x)} = p±(x). The transition times are given by
τn(x, l) = Θ(l)τn,+(x) + Θ(−l)τn,−(x), where Θ is the
Heaviside step function. We denote the PDFs of the
travel times τn,±(x) given the direction of transition as
ψ±(·;x). We write also D±(x) = κ/θ±(x), where θ±(x)
are the retardation coefficients of the segments to the
right and left of the node, and v±(x) = v0/θ±(x) for
the corresponding velocities.
3.1 First arrival times in the unit cell
We define a unit cell as composed of a central node and
the two adjacent segments, as illustrated in Fig. 2. The
transition probabilities p± represent the probabilities
of a transported particle starting from the central node
to first reach the node to the right or the node to the
left. The ψ± represent the PDFs of the first arrival time
to the corresponding node, given that node is reached
2
first. Since the TDRW defined by Eq. (5) is Markovian
in the transition n (no memory of previous transitions)
and only allows transitions to adjacent nodes, this fully
characterizes the system.
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Figure 2: Unit cells associated with nodes i and i+ 1.
In order to find the first arrival time PDFs, we solve
a Green function problem, for Eq. (1) for the trapping
problem and Eq. (3) for the dispersion problem, with
absorbing boundary conditions at the outer edges and a
pulse initial condition of unit mass at x = 0. We choose
a coordinate system such that x = 0 corresponds to the
central node, and the edges are located at −`− < 0 and
`+ > 0. The boundary and initial conditions for the
Green function (i.e., concentration propagator) g are
then
g(−`−, t) = g(`+, t) = 0, g(x, 0) = δ(x), (6)
where δ(·) is the Dirac delta. Solutions can be written
in the form
g(x, t) = g−(x, t)Θ(−x) + g+(x, t)Θ(x). (7)
The continuity condition for g(x, t) at the interface at
x = 0 is obtained from the requirement that concen-
tration be integrable anywhere in the unit cell. This
implies for the trapping problem that
D−g−(0, t) = D+g+(0, t). (8)
For the dispersion problem, we obtain the well-known
condition that the concentration be continuous,
g−(0, t) = g+(0, t). (9)
Details on the calculations of the Green function are
given in A. Once the Green function is known, the
fluxes through the cell boundaries determine the first
arrival time densities,
φ±(t) = D±
∣∣∣∣∂g±(x, t)∂x
∣∣∣∣
x=±`±
. (10)
Note that φ±(t) dt denotes the joint probability of the
particle arriving at the right/left cell boundary with an
arrival time in [t, t + dt[. The PDF of residence times
in the unit cell is given by
ψ(t) = φ+(t) + φ−(t). (11)
The integral of g(x, t) over the unit cell is equal to the
probability that a particle has not left the cell by time
t, i.e., that its residence time is larger than t,∫
Ω
dx g(x, t) =
∞∫
t
dt′ ψ(t′), (12)
where Ω = [−`−, `+]. Thus, g(x, t) dx is the joint prob-
ability that the particle position is in [x, x+dx] at time
t and that the particle is still in the cell.
The probabilities of arriving at the right or left cell
boundary first are given by
p± =
∞∫
0
dt φ±(t), (13)
and the PDFs of arrival times at the right or left bound-
ary are given by
ψ±(t) =
φ±(t)
p±
. (14)
Results are summarized in Table 1. We verified
the analytical results for the first arrival times and
transition probabilities against numerical simulations.
The Langevin formulation, Eq. (2) (with a predictor–
corrector method for regular dispersion [26]), was used
to find the exiting boundary and the corresponding
first arrival time for 107 trajectories starting at x = 0
in a unit cell with `− + `+ = 1, using a time step
∆t = 1. Results for the exiting probability p+ and
first arrival time densities φ±, for D− = 2.5 · 10−5 and
D+ = 5 · 10−5, with v+ = v− = v, for v = 0 and
v = 10−4, are shown in Figs. 3 and 4.
3.2 Spatial and temporal transitions in
the TDRW
We now turn back to the TDRW description (5). Con-
sider the particle position Xn after n TDRW steps to
correspond to the ith node and thus the ith unit cell
in the medium. The quantities referring to unit cell i
in the following are marked by a subscript i. As out-
lined in the previous Section, the joint probabilities to
make a transition from node i to the left or right after
a transition time in [t, t+dt[ are given by φ−,i(t) dt and
φ+,i(t) dt, respectively. Denoting the joint probability
that a transition from node j to node i occurs after a
waiting time in [t, t+dt[ by ψij(t) dt, we can thus write
ψij(t) = δj,i−1φ+,j(t) + δj,i+1φ−,j(t), (15)
where δ·,· is the Kronecker delta. Note that only tran-
sitions to nearest neighbors are allowed. The PDF of
waiting times at node i can then be written as
ψi(t) =
∑
[ij]
ψji(t), (16)
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Table 1: Unit cell quantities.
Trapping Dispersion
g˜±(x, λ)
√
D∓
D±
A(λ) sinh[(`± ∓ x)v∗±α±(λ)] csch[v∗±α±(λ)] A(λ) sinh[(`± ∓ x)v∗±α±(λ)] csch[v∗±α±(λ)]
A(λ)
[ ∑
σ∈{+,−}
vσ
√
D−σ
Dσ
{ασ(λ) coth[v∗σασ(λ)] + [σ1]}
]−1 [ ∑
σ∈{+,−}
vσ {ασ(λ) coth[v∗σασ(λ)] + [σ1]}
]−1
φ˜±(λ)
√
D∓
D±
v∗±α±(λ)A(λ) csch[v
∗
±α±(λ)] v
∗
±α±(λ)A(λ) csch[v
∗
±α±(λ)]
p±
√
D∓
D± |v±|e
±v∗± csch(|v∗±|)∑
σ∈{+,−}
√
D−σ
Dσ
|vσ|eσv∗σ csch(|v∗σ|)
|v±|e±v
∗± csch(|v∗±|)∑
σ∈{+,−}
|vσ|eσv∗σ csch(|v∗σ|)
No advection
g˜±(x, λ)
√
D∓
D±
A(λ) sinh[λ∗± ∓ λ∗(x)] csch
(
λ∗±
)
A(λ) sinh[λ∗± ∓ λ∗(x)] csch
(
λ∗±
)
A(λ)
∑
σ∈{+,−}
√
D−σλ coth(λ∗σ)
∑
σ∈{+,−}
√
Dσλ coth(λ
∗
σ)
φ˜±(λ)
√
D∓λA(λ) csch
(
λ∗±
) √
D±λA(λ) csch
(
λ∗±
)
p±
`∓
`++`−
D±`∓
D−`++D+`−
Transition probabilities p±, Laplace-transformed (denoted by a tilde) first arrival densities φ˜±, and concentration
propagators g˜ in the unit cell for trapping and regular dispersion. We use the notations: λ∗(x) = x2λ/D±,
λ∗± = λ
∗(`±), v∗± = `±v±/(2D±), and α±(λ) = sgn(v±)
√
1 + 4D±λ/v2±, where sgn(v) denotes the sign of v.
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Figure 3: Probability p+ of exiting the unit cell through the right boundary as a function of left segment length
`− = 1− `+. Symbols are computed from PTRW simulations. Left: trapping, Right: regular dispersion.
where
∑
[ij] denotes summation over the nearest neigh-
bors j of node i. The TDRW algorithm determines first
the direction of the transition from the probabilities
p±,i, and the transition lengths are accordingly given
by `±,i, respectively. Once the direction of the transi-
tion is determined, the waiting time is drawn from the
corresponding conditional waiting time PDF ψ±,i.
In the following, we discuss the transition probabil-
ities and transition time distributions and focus for il-
lustration on the case v(x) ≡ 0. For a more detailed
discussion of a TDRW approach dealing with purely
advective transport, we refer the interested reader
to [5]. In the following, we omit the subscript depen-
dency on the node for compactness of notation.
3.2.1 Transition probabilities
The transition probabilities p± for the trapping model
are given by
p± =
`∓
`+ + `−
. (17)
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Figure 4: First arrival time densities φ± to the right and left in the unit cell with `− = 1−`+ = 0.2. Symbols are
computed from PTRW simulations. Solid and dashed lines (φ− and φ+ respectively) are obtained from numerical
inversion of the theoretical results for the Laplace transforms. Left: trapping, Right: regular dispersion.
They are independent of the retardation coefficients
and depend only on the geometry of the unit cell. The
probability of a transition to the nearest node is higher.
For equal lengths, the transition probabilities are equal.
Note that the steady state concentration in the unit
cell, which is obtained for no-flux conditions at the
boundaries, satisfies
c∞± =
D∓
D±
=
θ±
θ∓
. (18)
This can be directly obtained from the continuity con-
dition (8) and is independent of the cell geometry. This
means particles accumulate in the region of low disper-
sion, or equivalently of high retardation.
For the dispersion problem this different. The tran-
sition probabilities depend both on the geometry of the
unit cell and the dispersion coefficients,
p± =
D±`∓
D−`+ +D+`−
. (19)
For equal lengths, the probability of a transition in the
direction of the higher dispersion coefficient is higher.
The steady state concentration in this case obeys
c∞+ = c
∞
− , (20)
which is again directly obtained from the continuity
condition (9). Equation (19) expresses the fact that the
transition probabilities must be asymmetric in order to
guarantee equidistribution, because the residence times
on the left and right side of the unit cell are different
and depend inversely on the dispersion coefficient.
3.2.2 Transition time distributions
As discussed in Section 3.2, we distinguish the condi-
tional first arrival time PDFs ψ±, which correspond to
the times to first arrive at the right or left boundary,
respectively, and the residence time PDF (11) in the
unit cell, which can also be written as
ψ(t) = p+ψ+(t) + p−ψ−(t). (21)
The average conditional transition times are defined by
µ± =
∞∫
0
dt tψ±(t). (22)
They can be obtained by differentiation from the re-
sults given in Table 1 as
µ± =
dψ˜±(λ)
dλ
∣∣∣∣∣
λ=0
. (23)
Here and throughout, we denote the Laplace transform
of a function with respect to the time variable by a
tilde. We obtain the explicit expressions
µ± =
`2±
2Deff,±
, D−1eff,± =
1
3D±
+
2`∓
3`±Deff
, (24)
where the effective dispersion coefficients Deff for the
trapping and dispersion problems are given respec-
tively by
Deff =
κ
θA
, Deff = DA, (25)
with θA and DA the spatial arithmetic mean retarda-
tion and dispersion coefficients in the unit cell. The
first arrival time PDFs and the mean arrival times in
either direction depend on the properties to the im-
mediate left and right of a node because particles may
sample both regions before they arrive at one of the
two boundaries. The average waiting time is given by
µ = p+µ+ + p−µ− =
`−`+
2Deff
. (26)
5
The variances of the conditional arrival times are ob-
tained from the Laplace transforms ψ˜± through
σ2± =
d2 ln[ψ˜±(λ)]
dλ2
∣∣∣∣∣
λ=0
. (27)
For the trapping problem, we have
σ2± =
`2−`
2
+
6
[
2
3D2eff
+
`2±
15`2∓D2±
+
4
15
D2−`
3
+ +D
2
+`
3
−
D2−D2+`−`+(`+ + `−)
]
, (28)
and for regular dispersion
σ2± =
`2−`
2
+
6
[
2
3D2eff
+
`2±
15`2∓D2±
+
4
15
D−`3+ +D+`
3
−
D−D+Deff`−`+(`+ + `−)
]
. (29)
In the absence of a closed form solution for the
conditional arrival time PDFs ψ± calculated above
in Laplace space, numerically integrating the full
model requires numerically inverting a large number
of Laplace transforms. We thus consider three differ-
ent approximations for ψ±(t). First, we approximate
the conditional arrival times by their mean, so that
ψ±(t) = δ(t− µ±). (30)
Second, we approximate the ψ± by exponential PDFs
as
ψ±(t) =
e−t/µ±
µ±
. (31)
This simple approximation retains the correct average,
while the variance is different from the true variance.
Finally, we wish to find an approximation with an ap-
propriate functional form which matches the mean and
variance of the exact PDFs. We take into account that
the ψ± are highly skewed, with an intermediate diffu-
sive t−3/2 scaling and an exponential cutoff, as shown
in Fig. 4. Thus, we approximate them using tempered
Le´vy-stable PDFs of order 1/2, which are truncated
inverse Gaussians (TIGs) [27],
ψ±(t) =
√
µ3±
2piσ2±t3
e
− µ±
2σ2±t
(t−µ±)2
. (32)
The two independent parameters are fixed so as to
match the analytical mean and variance. A compar-
ison between the three approximations and the exact
arrival time PDFs is shown in Fig. 5.
4 Reconstruction of fine-scale
concentration
In this Section, we develop a procedure for the recon-
struction of the fine-scale concentration within each
unit cell. To this end, we first obtain a generalized
master equation [28] for the evolution of the concen-
tration corresponding to the TDRW model defined by
Eq. (5). We then obtain the governing equation for the
fine-scale concentration and discuss the reconstruction
procedure.
4.1 Coarse-grained concentration
The TDRW (5) describes transitions between the nodes
that separate regions of a medium characterized by dif-
ferent transport properties. The coarse-grained mass is
thus concentrated at the inter-region nodes. The full
transition time PDF at node i is ψi. Thus, the prob-
ability Pi(t) for a particle to be at node i at time t is
given by [7, 18]
Pi(t) =
t∫
0
dt′Ri(t′)
∞∫
t−t′
dt′′ψi(t′′), (33)
where Ri(t
′) is the probability per time that a particle
has just arrived at node i at time t′, which multiplies
the probability that the transition away from node i
takes longer than t−t′. The Ri satisfy the Kolmogorov-
type equation
Ri(t) = R0(t) +
∑
[ij]
t∫
0
dt′Rj(t′)ψij(t− t′), (34)
where R0(t) = δi,0δ(t) is determined by the initial con-
dition. Equations (33) and (34) can be combined into
the generalized master equation
dPi(t)
dt
=
∑
[ij]
t∫
0
dt′
[
Φij(t− t′)Pj(t′)
− Φji(t− t′)Pi(t′)
]
, (35)
where the memory kernel Φij is defined in Laplace
space by
Φ˜ij(λ) =
λψ˜ij(λ)
1− ψ˜j(λ)
. (36)
4.2 Fine-scale concentration
The TDRW description (5) fully represents the tran-
sition time and transition probability dynamics of the
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Figure 5: The three approximations of the conditional first arrival time PDFs in the unit cell discussed in the
text, with v = 0, D− = 2.5 · 10−5, D+5 = ·10−5, and `− = 1 − `+ = 0.2. The solid lines are obtained by
numerically inverse Laplace transforming the analytical solutions.
subscale transport mechanism. However, it interprets
particles as staying at a node position before making a
jump and thus does not resolve the particle positions
inside each unit cell. The reconstruction of the fine-
scale concentration ci associated with node i is given
by
ci(x, t) =
t∫
0
dt′Ri(t′)gi(x− xi, t− t′), (37)
where gi is the concentration propagator in the ith unit
cell, see Section 3.1. Thus, gi(x, t) dx denotes the joint
probability that a particle is still in the unit cell i at
time t and at a position in [x, x+dx[ relative to xi, see
also (12). It is clear that Eq. (33) is obtained from (37)
by integration over the unit cell. Using (33), we can
express the fine-scale concentration ci in terms of the
coarse-grained probability Pi. We obtain the explicit
Laplace-space expression
c˜i(x, λ) =
λg˜i(x− xi, λ)
1− ψ˜i(λ)
P˜i(λ), (38)
where we have used the Laplace transform of (33). The
concentration c(x, t) is given by the superposition of
the contributions ci(x, t) due to all nodes,
c(x, t) =
∑
i
ci(x, t). (39)
Note that the concentration at any given position x
is determined by the contributions of the two nearest
nodes.
4.3 Numerical implementation
Numerically computing the fine-scale concentration re-
quires some care. From Eqs. (38) and (39), we have
c(x, t) =
∑
i
t∫
0
dt′Ki(x, t′)Pi(t− t′), (40)
where the kernel Ki is defined by its Laplace transform,
K˜i(x, λ) = λg˜i(x− xi, λ)
1− ψ˜i(λ)
. (41)
We now write the fine-scale concentration as
c(x, t) =
∑
i
N−1∑
j=0
tj+1∫
tj
dt′Ki(x, t′)Pi(t− t′), (42)
where tj = j∆t and N = t/∆t. The time discretization
∆t is chosen on the order of the smallest characteristic
transition time, so that the coarse-grained node occu-
pation probabilities Pi vary little within a time step.
The memory kernels Ki, on the other hand, may vary
quickly at some positions. We thus employ the follow-
ing approximation:
c(x, t) ≈
∑
i
N−1∑
j=0
Pi(t− tj+1)
tj+1∫
tj
dt′Ki(x, t′). (43)
The remaining integral can be computed using numer-
ical Laplace inversion by considering that
Lt
 t∫
0
dt′Ki(x, t′)
 (λ) = K˜i(x, λ)
λ
, (44)
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where Lt is the Laplace operator in t, Lt[f(t)](λ) =
f˜(λ), and
tj+1∫
tj
dt′Ki(x, t′) =
tj+1∫
0
dt′Ki(x, t′)
−
tj∫
0
dt′Ki(x, t′). (45)
5 Diffusion under trapping in
power-law media
We apply the TDRW method developed here to dif-
fusion under a broad distribution of retardation co-
efficients θ(x) and heterogeneity length scales. The
transport problem is described by the Langevin equa-
tion (2). We compare TDRW simulations to detailed
PTRW simulations. In order to speed up the PTRW
simulations, we perform a variable transform t → s
with dt = θ[x(t)]ds, so that Eq. (2) reads
dX(s) =
√
2κ ds ξ(s), dt(s) = θ[X(s)] ds. (46)
Note that this transformation renders the particle
tracking equation a time domain random walk, because
the time increment varies randomly. However, unlike
the coarse-grained TDRW (5), the space steps are not
synchronized with medium geometry and instead re-
solve the detailed particle motion.
We consider regions of constant retardation with
lengths and retardation coefficient values distributed
according to Pareto densities with infinite mean,
p`(`) = `0
(
`
`0
)−(1+α)
Θ(`− `0), 0 < α < 1, (47a)
pθ(θ) = θ0
(
θ
θ0
)−(1+β)
Θ(θ − θ0), 0 < β < 1. (47b)
We take all segment lengths and retardation coeffi-
cients to be independent and identically distributed.
We set the minimum length `0 = 1, the minimum retar-
dation coefficient θ0 = 1, and the diffusion coefficient
κ = 1/2, which is equivalent to normalizing lengths by
`0 and times by the smallest characteristic transition
time τ0 = `
2
0θ0/(2κ).
The PTRW simulations are discretized with ∆s =
2.5 · 10−3, so that the characteristic jump size√
2κ∆s  `0 = 1. For the TDRW simulations, we
solve for the node probability masses Pi(t) using the
Lagrangian equations (5), and record their values at
intervals of ∆t = τ0 = 1. For the transition times,
we employ the truncated inverse Gaussian approxima-
tion (32). The reconstruction of the fine-scale concen-
tration is described in the previous section. Figure 6
shows the comparison between concentration distribu-
tions obtained from PTRW simulations and the TDRW
approach at two different times, along with the realiza-
tion of the heterogeneous medium in which the trans-
port is simulated. The reconstructed TDRW results are
in excellent agreement with the PTRW data, and the
TDRW simulations are much more efficient than the
PTRW simulations, even using Eq. (46). For example,
for the concentration at t = 104, the TDRW simu-
lation with the fine-scale concentration reconstructed
at 10 positions for each segment between two nodes is
about 5 · 102 times faster than the PTRW simulation.
The coarse simulation, which renders the probability
masses Pi(t), is about 10
3 times faster than the PTRW
simulation.
Figure 6: Comparison of concentrations computed
from PTRW and fine-scale TDRW simulations. We
used 107 particles for both approaches. We take
infinite-mean length and retardation distributions with
α = 0.7 and β = 0.8. Results are for a single medium
realization with segment lengths and retardation coef-
ficients as shown.
In the following, we analyze the role of the recon-
struction of the fine scale concentration in more de-
tail by looking at the spatial moments of concentra-
tion. We show how ensemble-averaged (i.e., aver-
aged over disorder realizations) moments may be es-
timated directly from the coarse-grained TDRW sim-
ulations based on (5) and find that the coarse-grained
description preserves the correct late-time scaling of
the ensemble-averaged plume variance.
Details on the following calculations for the spatial
mean and variance of concentration are given in B. De-
note the kth single-realization moment as a function of
time t for the coarse-grained TDRW by mc,k(t) and its
fine-scale counterpart by mf,k(t),
mc,k(t) =
∑
i
xki Pi(t), mf,k(t) =
∫
dxxkc(x, t).
(48)
8
In Laplace space, we have
m˜c,k(λ) =
∑
i
xki P˜i(λ), (49a)
m˜f,k(λ) = λ
∑
i
P˜i(λ)
1− ψ˜i(λ)
∫
dxxkg˜i(x− xi, λ),
(49b)
where we have used Eq. (38). The mean of the fine-
scale concentration is identically zero,
mf,1(t) ≡ 0. (50)
The mean of the coarse-grained TDRW is obtained us-
ing Eq. (35) as
m˜c,1(λ) =
∑
i
`+,i`−,i
`+,i + `−,i
[
ψ˜+,i(λ)− ψ˜−,i(λ)
]
× P˜i(λ)
1− ψ˜i(λ)
. (51)
The coarse-grained TDRW produces a spurious term
in the average position due to the difference between
ψ+ and ψ−, the transition time PDFs given the tran-
sition direction. This is because, while each transition
length Ln has zero mean, the contribution to the mean
of particles that have undergone different numbers of
transitions may be nonzero when not considering in-
cell particle transport.
For the second moments, we obtain
m˜c,2(λ) =
∑
i
{
l2+,iφ˜+,i(λ) + l
2
−,iφ˜−,i(λ)
+ 2xi
[
`+,iφ˜+,i(λ)− `−,iφ˜−,i(λ)
]}
× P˜i(λ)
1− ψ˜i(λ)
, (52a)
m˜f,2(λ) = 2λ
−1∑
i
∑
σ∈{+,−}
P˜i(λ)
1− ψ˜i(λ)
×Dσ,i
[
cosh
(
`σ,i
√
λ
Dσ,i
)
− 1
]
φ˜σ,i(λ).
(52b)
We see that the coarse-grained TDRW produces spu-
rious contributions to the moments because in-cell con-
centration distributions are not taken into account.
Nevertheless, we will now show how the coarse-grained
TDRW simulations can be used to directly estimate the
ensemble-averaged moments of the full process. The
spurious term for the coarse-grained average disappears
in the ensemble average due to symmetry in `±,i and
D±,i. For the case of the second moment, the surviving
correction under the ensemble average requires a more
detailed analysis.
5.1 Finite-mean transition time
If the ensemble-averaged (denoted by an overline) mean
transition time µ is finite, we can Taylor-expand the
second moments for λ 1/µ to find to leading order
m˜f,2(λ) ≈ m˜c,2(λ) ≈ 2
λ
∑
i
Deff,iP˜i(λ), (53)
so that at late times t  µ the coarse-grained model
gives the same results as the fine-scale version,
mf,2(t) ≈ mc,2(t) ≈ 2
t∫
0
dt′Deff(t′), (54)
where Deff(t) =
∑
iDeff,iPi(t) is the average effective
dispersion sampled by the concentration plume in a
single medium realization.
5.2 Infinite-mean transition time
In order to study what happens when the segment
lengths have infinite variance, in which case the pre-
vious expansion breaks down, we take segment lengths
to follow a Pareto density with infinite mean as above,
see Eq. (47a). The correction may be written as
δm˜2(λ) = m˜f,2(λ)− m˜c,2(λ),
=
∑
i
∫
dxx2g˜i(x, λ)∫
dx g˜i(x, λ)
P˜i(λ). (55)
It represents the contribution to the variance of parti-
cles diffusing within their current unit cell before com-
pleting the current transition.
Computing this correction directly is difficult, and
we estimate it as follows. Because particles are likely
to spend longer times in larger segments, and in turn
these contribute the most to the variance correction, we
will estimate the correction by the square of the largest
segment length seen by a particle up to a given time.
We estimate the size of the largest out of n segments,
`max,n, through [4]
∞∫
`max,n
d` p`(`) ≈ 1
n
, (56)
which says that the probability of a value larger than
`max,n is approximately 1/n. This gives `max,n ≈ `0n 1α .
Adapting the result for waiting times in [29], the
Laplace transform over x of the probability of having
exactly n full segments contained within a region of
length x is given by
q˜n(k) =
1− p˜`(k)
k
[p˜`(k)]
n. (57)
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For small k  1/`0 (large x  `0), we have p˜`(k) ≈
1 − |Γ(−α)|(`0k)α, where Γ(·) is the gamma function.
We thus find for the average number of segments
N˜(k) =
∑
n>1
nq˜n(k) ≈ `0(`0k)
1−α
α|Γ(−α)| . (58)
Inverting the Laplace transform,
N(x) ≈ sin(piα)
piα
(
x
`0
)α
, (59)
where we have used Euler’s reflection formula,
Γ(z)Γ(1 − z) = piz/ sin(piz), with z = −α. This al-
lows us to estimate the maximum segment length in a
region of length x, `max(x) = `max,N(x), giving
`2max(x) ≈
(
sin(piα)
piα
)2/α
x2. (60)
The typical distance x covered by a particle by time
t is on the order of the standard deviation mc,2(t)
1/2
.
Thus, setting x(t) = amc,2(t)
1/2
, we obtain
δm˜2(t) ≈ a2
(
sin(piα)
piα
)2/α
mc,2(t), (61)
from which we find that mf,2(t) ∝ mc,2(t). This ar-
gument predicts the late-time scaling behavior of the
coarse-grained model to be the same as that of its
fine-scale counterpart. The correction approaches zero
as α approaches unity, which suggests that when the
length average is finite the coarse-grained approach
captures the plume variance correctly even if the vari-
ance is infinite. Indeed, the same argument as above
for 1 < α < 2, for which p˜`(k) ≈ 1 − α`0k/(α − 1),
yields to subleading correction.
We now compare our results for the ensemble-
averaged plume variance against numerical simula-
tions. We compute the variance directly from the
coarse-grained model, and include the correction (61)
for infinite-mean length, see Fig. 7. We find that
a = 2.5 provides good agreement with simulations
when the mean length is infinite. We use the same
setup as in Section 4.2. For the transition times, we
employ the approximations introduced in Section 3.2,
Eqs. (30)–(32). We see that all these approximations
yield similar late-time behaviors for m2(t). Although
the truncated inverse Gaussian approximation is bet-
ter suited for reconstructing the fine-scale concentra-
tion in single medium realizations, the exponential ap-
proximation provides the best results for the ensemble-
averaged moments at early times. This is because it
effectively reproduces the diffusive scaling regime that
corresponds to transport within a single unit cell at
early times [20].
6 Summary and Conclusions
We have derived a TDRW model for transport in media
characterized by broad distributions of heterogeneity
length scales. The transition lengths in this approach
are determined by the medium geometry as spatial re-
gions in which the transport properties are constant,
and the transition times vary according to the length
scales and transport properties. This coarse-grained
TDRW is efficient, but it does not resolve the concen-
tration variability below the discretization scale. Thus,
we have developed a reconstruction procedure to deter-
mine the fine-scale concentration distribution using the
propagator of the detailed transport problem within a
unit cell, which constitutes a composite medium with
two segments of different lengths and transport prop-
erties. Our formulation provides an efficient approach
for modeling advective–dispersive transport in media
with broadly distributed heterogeneity length scales
and transport properties.
In the absence of advection, the transition probabili-
ties in the retardation problem depend only on the seg-
ment length, with a higher probability to make a tran-
sition in the direction of the shorter segment. For the
dispersion problem, the transition probability depends
both on the segment lengths and dispersion properties.
We explicitly determine the joint distribution of spatial
and temporal transitions and show that the transition
time distribution is well approximated by an inverse
Gaussian distribution parameterized by the mean and
variance of the transition times, which are both known
analytically in terms of segment lengths and transport
properties.
We illustrate the TDRW approach for diffusion un-
der random retardation in a power-law medium, i.e.,
a medium characterized by heavy-tailed distributions
of length scales and transport properties. The recon-
structed fine-scale concentration using the truncated
inverse Gaussian approximation for transition times is
in excellent agreement with detailed simulations. In
the ensemble sense, we find anomalous dispersive be-
havior for broadly distributed (infinite-mean) transi-
tion times, with sublinear scaling of the displacement
variance. We demonstrate that both the coarse- and
fine-scale TDRW approaches yield accurate predictions
of the scaling of the displacement variance. In particu-
lar, this means that the coarse-scale TDRW provides a
fast and efficient technique for probing the global trans-
port dynamics. Analytically predicting the late-time
scaling behavior of the plume moments from the cou-
pled TDRW proposed here remains an open problem to
be addressed in further work. We also expect a gener-
alization to unit cells in multiple dimensions and with
more than two neighbors per node to be a promising
modeling approach for transport in complex, multidi-
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Figure 7: Comparison between PTRW and TDRW computations of the ensemble-averaged second moment
of concentration, using the different approximations for the TDRW transition times discussed in the text. A
sufficient number of segments (103) was used so that no particles reached the domain boundaries. For the
PTRW (respectively TDRW) simulations, we used 102 (103) particles in 103 (104) medium realizations. Left:
α = 1.7 and β = 1.5 (finite-mean transition time), with TDRW results computed directly from the coarse-
grained concentration. Right: α = 0.6 and β = 0.4 (infinite-mean transition time), with coarse-grained TDRW
results rescaled according to Eq. (61) with a = 2.5.
mensional heterogeneous media and networks.
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A Unit cell
We describe here in detail the steps for the derivation
of the concentration propagator and arrival time dis-
tributions in the unit cell for the trapping problem.
The steps are completely analogous for the dispersion
problem.
We derive explicit solutions in Laplace space. Taking
the Laplace transform over the time variable (denoted
by a tilde) of Eq. (1) with a unit-mass pulse at the ori-
gin as the initial condition gives the governing equation
for the concentration propagator g,
λg˜(x, λ) +
∂
∂x
[v(x)g˜(x, λ)]− ∂
2
∂x2
[D(x)g˜(x, λ)] = δ(x).
(62)
This is an equation for a Green function, which is to
be solved with absorbing boundary conditions on the
unit cell as discussed in the main text. The solutions
are of the form g(x, t) = g+(x, t)Θ(x) +g−(x, t)Θ(−x),
where in Laplace space
g˜±(x, λ) = A±(λ)e
v±
2D± x[1−α±(λ)]
+B±(λ)e
v±
2D± x[1+α±(λ)], (63)
where α±(λ) = sgn(v±)
√
1 + 4D±λ/v2±, with sgn(v)
denoting the sign of v. Using the boundary conditions,
we obtain
g˜±(x, λ) = A±(λ)e
v±
2D± x
(
e
− v±2D± xα±(λ)
− e
v±
2D± (x∓2`±)α±(λ)
)
. (64)
Using the trapping continuity condition D−g− =
D+g+ at x = 0, as discussed in the main text, we
obtain
g˜−(x, λ) = A−(λ)e
v−
2D− x
(
e
− v−2D− xα−(λ)
− e
v−
2D− (x+2`−)α−(λ)
)
, (65a)
g˜+(x, λ) = A−(λ)
D−
D+
1− e
`−v−
D− α−(λ)
1− e−
`+v+
D+
α+(λ)
e
v+
2D+
x
×
(
e
− v+2D+ xα+(λ)
− e
v+
2D+
(x−2`+)α+(λ)
)
. (65b)
Now we integrate Eq. (62) over x, which gives
λM˜(λ) = 1 +D+
∂g˜+(x, λ)
∂x
∣∣∣∣
x=`+
−D− ∂g˜−(x, λ)
∂x
∣∣∣∣
x=−`−
,
= 1 +A−(λ)
11
×
[
v−α−(λ)e
− `−v−2D− [1−α−(λ)]
− D−
D+
v+α+(λ)e
`+v+
2D+
[1−α+(λ)]
× 1− e
`−v−
D− α−(λ)
1− e−
`+v+
D+
α+(λ)
]
, (66)
where M(t) is the total mass in the unit cell at time t.
On the other hand, integrating Eq. (7) and multiplying
by λ we get
λM˜(λ) =
A−(λ)
2
{
v+
D−
D+
1− e
`−v−
D− α−(λ)
1− e−
`+v+
D+
α+(λ)
×
[
1− e−
`+v+
D+
α+(λ) + α+(λ)
×
(
1− 2e
`+v+
2D+
[1−α+(λ)] + e−
`+v+
D+
)]
− v−
[
1− e
`−v−
D− α−(λ) + α−(λ)
×
(
1− 2e−
`−v−
2D− [1−α−(λ)] + e
`−v−
D−
)]}
.
(67)
Eliminating M˜(λ) and solving for A−(λ) using these
two equations we subsequently obtain the results in
Table 1 through straightforward manipulations. We
omit the calculations for regular dispersion for brevity.
The approach is analogous, but enforcing continuity of
the concentration at x = 0 as discussed in the main
text.
B Moments
Here we present some details on the calculations of the
moments for the diffusive trapping problem discussed
in Section 5.
For the coarse-grained average, using Eq. (35), re-
naming indices under the sums and noting that xi ±
`±,i = xi±1, we have
m˜c,1(λ) =
∑
i
xiP˜i(λ),
=
∑
i
[
`+,iφ˜+,i(λ)− `−,iφ˜−,i(λ)
] P˜i(λ)
1− ψ˜i(λ)
,
=
∑
i
`+,i`−,i
`+,i + `−,i
[
ψ˜+,i(λ)− ψ˜−,i(λ)
]
× P˜i(λ)
1− ψ˜i(λ)
. (68)
Similarly, for the coarse-grained second moment we
have
m˜c,2(λ) =
∑
i
{
l2+,iφ˜+,i(λ) + l
2
−,iφ˜−,i(λ)
+ 2xi
[
`+,iφ˜+,i(λ)− `−,iφ˜−,i(λ)
]}
× P˜i(λ)
1− ψ˜i(λ)
. (69)
For the fine-scale moments, we make use of the fol-
lowing results:∫
Ωi
dx g˜i(x, λ) =
1− ψ˜i(λ)
λ
, (70a)
∫
Ωi
dxxg˜i(x, λ) =
`−,iφ˜−,i(λ)− `+,iφ˜+,i(λ)
λ
, (70b)
∫
Ωi
dxx2g˜i(x, λ) = 2λ
−2∑
i
∑
σ∈{+,−}[
Dσ,i
(
cosh
(
`σ,i
√
λ
Dσ,i
)
− 1
)
− `2σ,iλ
]
φ˜σ,i(λ), (70c)
which can be obtained from the explicit expressions for
the unit-cell propagator discussed in Section 3.1 and
presented in Table 1. From Eq. (38), the average is
identically zero,
m˜f,1(λ) =
∫
dxx
∑
i
R˜i(λ)g˜i(x− xi, λ),
+
∑
i
R˜i(λ)
∫
Ωi
dxxg˜i(x, λ),
= m˜c,1(λ)− m˜c,1(λ) ≡ 0. (71)
For the second moment,
m˜f,2(λ) =
∑
i
R˜i(λ)
∫
Ωi
dx (x+ xi)
2g˜i(x, λ),
= 2λ−1
∑
i
∑
σ∈{+,−}
P˜i(λ)
1− ψ˜i(λ)
×Dσ,i
[
cosh
(
`σ,i
√
λ
Dσ,i
)
− 1
]
φ˜σ,i(λ).
(72)
Taking into account the previous derivations, and
noting that some terms disappear under the ensem-
ble average due to symmetry, it is straightforward to
show that the ensemble-averaged difference δm2(t) =
12
mf,2(t) − mc,2(t) between the fine-scale and coarse-
grained second moments has Laplace transform
δm˜2(λ) = λ
∑
i
∫
dxx2g˜i(x, λ)
1− ψ˜i(λ)
P˜i(λ),
=
∑
i
∫
dxx2gi(x, λ)∫
dx g˜i(x, λ)
P˜i(λ), (73)
where in the last equality we have used the Laplace
transform of Eq. (12).
When the ensemble-averaged mean transition time
µ is finite, the quantities l2±,i/D±,i also have a finite
ensemble average. For small λ  1/µ, using Taylor
expansions around λ = 0, we approximate
ψ˜i(λ) ≈ 1− µiλ,
φ˜±,i(λ) ≈ p±(1− µ±,iλ),
cosh
(
`±,i
√
λ
D±,i
)
≈ 1 + `
2
±,iλ
2D±,i
,
and find that the ensemble-averaged coarse-grained
and fine-scale second moments agree to leading order
and are given by
m˜f,2(λ) ≈ m˜c,2(λ) ≈ 2λ−1
∑
i
Deff,iP˜i(λ). (74)
References
[1] R. Klages, G. Radons, I. M. Sokolov, Anomalous
transport: foundations and applications, John Wi-
ley & Sons, 2008.
[2] M. Dentz, A. Cortis, H. Scher, B. Berkowitz, Time
behavior of solute transport in heterogeneous me-
dia: transition from anomalous to normal trans-
port, Advances in Water Resources 27 (2) (2004)
155–173.
[3] S. Havlin, D. Ben-Avraham, Diffusion in disor-
dered media, Advances in Physics 36 (6) (1987)
695–798.
[4] J.-P. Bouchaud, A. Georges, Anomalous diffu-
sion in disordered media: statistical mechanisms,
models and physical applications, Physics reports
195 (4-5) (1990) 127–293.
[5] A. Comolli, J. J. Hidalgo, C. Moussey, M. Dentz,
Non-Fickian transport under heterogeneous ad-
vection and mobile-immobile mass transfer,
Transport in Porous Media 115 (2) (2016) 265–
289.
[6] H. Scher, M. Lax, Stochastic transport in a disor-
dered solid. I. Theory, Physical Review B 7 (10)
(1973) 4491.
[7] B. Berkowitz, A. Cortis, M. Dentz, H. Scher, Mod-
eling non-Fickian transport in geological forma-
tions as a continuous time random walk, Reviews
of Geophysics 44 (2).
[8] J. Klafter, R. Silbey, Derivation of continuous-
time random walk equations, Physical Review Let-
ters 44 (2) (1980) 55–58.
[9] B. Berkowitz, H. Scher, Anomalous transport in
random fracture networks, Physical Review Let-
ters 79 (20) (1997) 4038–4041.
[10] S. Painter, V. Cvetkovic, Upscaling discrete frac-
ture network simulations: An alternative to con-
tinuum transport models, Water Resources Re-
search 41 (2005) W02002.
[11] M. Dentz, A. Castro, Effective transport dynam-
ics in porous media with heterogeneous retarda-
tion properties, Geophysical Research Letters 36
(2009) L03403.
[12] A. Comolli, M. Dentz, Anomalous dispersion in
correlated porous media: a coupled continuous
time random walk approach, The European Phys-
ical Journal B 90 (9) (2017) 166.
[13] J. F. McCarthy, Continuous-Time random walks
on random media, Journal of Physics A: Mathe-
matical and General 26 (1993) 2495–2503.
[14] O. Banton, F. Delay, G. Porel, A new time domain
random walk method for solute transport in 1–D
heterogeneous media, Groundwater 35 (6) (1997)
1008–1013.
[15] F. Delay, J. Bodin, Time domain random walk
method to simulate transport by advection-
diffusion and matrix diffusion in fracture net-
works, Geophysical Research Letters 28 (2001)
4051–4054.
[16] S. C. James, C. V. Chrysikopoulos, An effi-
cient particle tracking equation with specified spa-
tial step for the solution of the diffusion equa-
tion, Chemical Engineering Science 56 (23) (2001)
6535–6543.
[17] S. Painter, V. Cvetkovic, J. Mancillas, O. Pen-
sado, Time domain particle tracking methods for
simulating transport with retention and first-order
transformation, Water Resources Research 44.
13
[18] M. Dentz, P. Gouze, A. Russian, J. Dweik, F. De-
lay, Diffusion and trapping in heterogeneous me-
dia: An inhomogeneous continuous time random
walk approach, Advances in Water Resources 49
(2012) 13–22.
[19] B. Noetinger, D. Roubinet, A. Russian, T. Le
Borgne, F. Delay, M. Dentz, J.-R. De Dreuzy,
P. Gouze, Random Walk Methods for Modeling
Hydrodynamic Transport in Porous and Fractured
Media from Pore to Reservoir Scale, Transport in
Porous Media (2016) 1–41.
[20] A. Russian, M. Dentz, P. Gouze, Self-averaging
and weak ergodicity breaking of diffusion in het-
erogeneous media, Physical Review E 96 (2)
(2017) 022156.
[21] P. Massignan, C. Manzo, J. Torreno-Pina,
M. Garc´ıa-Parajo, M. Lewenstein, G. Lapeyre Jr,
Nonergodic subdiffusion from Brownian motion in
an inhomogeneous medium, Physical review let-
ters 112 (15) (2014) 150603.
[22] M. Dentz, A. Russian, P. Gouze, Self-averaging
and ergodicity of subdiffusion in quenched ran-
dom media, Physical Review E 93 (1) (2016)
010101(R).
[23] A. Russian, M. Dentz, P. Gouze, Time domain
random walks for hydrodynamic transport in het-
erogeneous media, Water Resources Research.
[24] H. Risken, The Fokker–Planck Equation, in: The
Fokker–Planck Equation, Springer, 1996, pp. 63–
95.
[25] N. G. Van Kampen, Stochastic processes in
physics and chemistry, Vol. 1, Elsevier, 1992.
[26] E. M. LaBolle, J. Quastel, G. E. Fogg, J. Gravner,
Diffusion processes in composite porous media
and their numerical integration by random walks:
Generalized stochastic differential equations with
discontinuous coefficients, Water Resources Re-
search 36 (3) (2000) 651–662.
[27] M. M. Meerschaert, A. Sikorskii, Stochastic mod-
els for fractional calculus, Vol. 43, Walter de
Gruyter, 2012.
[28] V. M. Kenkre, E. W. Montroll, M. F. Shlesinger,
Generalized Master Equations for Continuous-
Time Random Walks, Journal of Statistical
Physics 9 (1) (1973) 45–50.
[29] D. A. Benson, R. Schumer, M. M. Meerschaert,
Recurrence of extreme events with power-law in-
terarrival times, Geophysical Research Letters
34 (16) (2007) L16404.
14
